Abstract: Assumed stress hybrid methods are known to improve the performance of standard displacement-based finite elements and are widely used in computational mechanics. The methods are based on the HellingerReissner variational principle for the displacement and stress variables. This work analyzes two existing 4-node hybrid stress quadrilateral elements due to Pian and Sumihara [Int. J. Numer. Meth. Engng, 1984] and due to Xie and Zhou [Int. J. Numer. Meth. Engng, 2004], which behave robustly in numerical benchmark tests. For the finite elements, the isoparametric bilinear interpolation is used for the displacement approximation, while different piecewise-independent 5-parameter modes are employed for the stress approximation. We show that the two schemes are free from Poisson-locking, in the sense that the error bound in the a priori estimate is independent of the relevant Lamé constant λ. We also establish the equivalence of the methods to two assumed enhanced strain schemes. Finally, we derive reliable and efficient residual-based a posteriori error estimators for the stress in L 2 -norm and the displacement in H 1 -norm, and verify the theoretical results by some numerical experiments.
Introduction
Let Ω ⊂ R 2 be a bounded open set with boundary Γ = Γ D Γ N , where meas(Γ D )>0. The plane linear elasticity model is given by
in Ω, σ = Cε (u) in Ω, u| Γ D = 0, σn| Γ N = g, (1.1) where σ ∈ R 2×2 sym denotes the symmetric stress tensor field, u ∈ R 2 the displacement field, ε(u) = (∇u + ∇ T u)/2 the strain, f ∈ R 2 the body loading density, g ∈ R 2 the surface traction, n the unit outward vector normal to Γ, and C the elasticity modulus tensor with Cε(u) = 2µε(u) + λdivu I, I the 2 × 2 identity tensor, and µ, λ the Lamé parameters given by µ = E 2(1+ν) , λ = Eν (1+ν) (1−2ν) for plane strain problems and by µ = E 2(1+ν)
, λ = Eν (1+ν) (1−ν) for plane stress problems, with 0 < ν < 0.5 the Poisson ratio and E the Young's modulus.
It is well-known that the standard 4-node displacement quadrilateral element (i.e. isoparametric bilinear element) yields poor results at coarse meshes for problems with bending and suffers from "Poisson locking" for plane strain problems, at the nearly incompressible limit (λ → ∞ as ν → 0.5). We refer to [1] for the mathematical characteristic of locking. To improve the performance of the isoparametric bilinear displacement element while preserving its convenience, various methods have been suggested in literature.
The method of incompatible displacement modes is based on enriching the standard displacement modes with internal incompatible displacements. A representative incompatible displacement is the so-called Wilson element proposed by Wilson, Taylor, Doherty, and Ghaboussi [29] . It achieves a greater degree of accuracy than the isoparametric bilinear element when using coarse meshes. This element was subsequently modified by Taylor, Wilson and Beresford [27] , and the modified Wilson element behaves uniformly in the nearly incompressibility. In [14] , Lesaint analyzed convergence on uniform square meshes for Wilson element. He and Zlámal then established convergence for the modified Wilson element on arbitrary quadrilateral meshes [15] . In [26] , Shi established a convergence condition for the quadrilateral Wilson element. In [34] , Zhang derived uniform convergence for the modified Wilson element on arbitrary quadrilateral meshes.
The assumed-stress hybrid approach is a kind of mixed method based on the Hellinger-Reissner variational principle which includes displacements and stresses. The pioneering work in this direction is by Pian [16] , where the assumed stress field assumed to satisfy the homogenous equilibrium equations pointwise. In [17] Pian and Chen proposed a new type of the hybrid-method by imposing the stress equilibrium equations in a variational sense and by adopting the natural co-ordinate for stress approximation. In [18] Pian and Sumihara derived the famous assumed stress hybrid element (abbreviated as the PS finite element) through a rational choice of stress terms. Despite of the use of isoparametric bilinear displacement approximation, the PS finite element yields uniformly accurate results for all the numerical benchmark tests. Pian and Tong [20] discussed the similarity and basic difference between the incompatible displacement model and the hybrid stress model. In the direction of determining the optimal stress parameters, there have been many other research efforts [19, 30, 31, 32, 35] . In [30, 32] , Xie and Zhou derived robust 4-node hybrid stress quadrilateral elements by optimizing stress modes with a socalled energy-compatibility condition, i.e. the assumed stress terms are orthogonal to the enhanced strains caused by Wilson bubble displacements. In [36] a convergence analysis was established for the PS element, but the upper bound in the error estimate is not uniform with respect to λ. So far there is no uniform error analysis with respect to the nearly incompressibility for the assumed stress hybrid methods on arbitrary quadrilateral meshes.
Closely related to the assumed stress method is the enhanced assumed strain method (EAS) pioneered by Simo and Rifai [25] . Its variational basis is the HuWashizu principle which includes displacements, stresses, and enhanced strains. It was shown in [25] that the classical method of incompatible displacement modes is a special case of the EAS-method. Yeo and Lee [33] proved that the EAS concept in some model situation is equivalent to a Hellinger-Reissner formulation. In [24] , Reddy and Simo established an a priori error estimate for the EAS method on parallelogram meshes. Braess [3] re-examined the sufficient conditions for convergence, in particular relating the stability condition to a strengthened Cauchy inequality, and elucidating the influence of the Lamé constant λ. In [4] , Braess, Carstensen and Reddy established uniform convergence and a posteriori estimates for the EAS method on parallelogram meshes.
The main goal of this work is to establish uniform convergence and a posteriori error estimates for two 4-node assumed stress hybrid quadrilateral elements: the PS finite element by Pian and Sumihara [18] and the ECQ4 finite element by Xie and Zhou [30] . Equivalence is established between the hybrid finite element schemes and two EAS proposed schemes. We also carry out an a posteriori error analysis for the hybrid methods.
The paper is organized as follows. In Section 2 we discuss the uniform stability of the weak formulations. Section 3 is devoted to finite element formulations of the hybrid elements PS and ECQ4 and their numerical performance investigation. We establish the uniformly stability conditions and derive uniform a priori error estimates in Section 4. Equivalence between the hybrid schemes and two EAS schemes is discussed in Section 5. We devote Section 6 to an analysis of a posteriori error estimates for the hybrid methods and verification of the theoretical results by numerical tests.
Uniform stability of the weak formulations
First we introduce some notations. Let L 2 (T ; X) be the space of square integrable functions defined on T with values in the finite-dimensional vector space X and with norm being denoted by || · || 0,T . We denote by H k (T ; X) the usual Sobolev space consisting of functions defined on T , taking values in X, and with all derivatives of order up to k square-integrable. The norm on H k (T ; X) is denoted by || · || k,T := ( 0≤j≤k |v| 2 j,T )
1/2 , with | · | k,T the semi-norm derived from the partial derivatives of order equal to k. When there is no conflict, we may abbreviate them to || · || k and | · | k . Let L 2 0 (Ω) be the space of square integrable functions with zero mean values. We denote by P k (T ) the set of polynomials of degree less than or equal to k, by Q k the set of polynomials of degree less than or equal to k in each variable.
For convenience, we use the notation a b to represent that there exists a generic positive constant C, independent of the mesh parameter h and the Lamé constant λ, such that a ≤ Cb. Finally, a ≈ b abbreviates a b a.
We define two spaces as follows:
sym ) denotes the space of square-integrable symmetric tensors with the norm ||·|| 0 defined by ||τ || 2 0 := Ω τ : τ dx, and trτ := τ 11 +τ 22 represents the trace of the tensor τ . Notice that on the space V , the semi-norm | · | 1 is equivalent to the norm || · || 1 .
The Hellinger-Reissner variational principle for the model (1.1) reads as:
where
Here and throughout the paper, σ : τ = trτ I. The following continuity conditions are immediate:
3)
According to the theory of mixed finite element methods [6, 7] , we need the following two stability conditions for the well-posedness of the weak problem (2.1)-(2.2). (A1) Kernel-coercivity: For any τ ∈ Z := {τ ∈ Σ : Ω τ : ε(v)dx = 0 for all v ∈ V } it holds τ 2 0 a(τ , τ );
(A2) Inf-sup condition: For any v ∈ V it holds
The proof of (A1)-(A2) utilizes a lemma of Bramble, Lazarov and Pasciak.
The following stability result is given in [4] for the model situation Γ N = ∅.
Theorem 2.1. The uniform stability conditions (A1) and (A2) hold.
Proof. Firstly we prove (A1). Since
we only need to prove trτ 0 τ D 0 for any τ ∈ Z. In fact, for τ ∈ Z and any v ∈ V , it holds
Thus, by Lemma 2.1 we obtain
This implies (A1). For the proof of (A2), let v ∈ V and notice ε(v) ∈ Σ. Then
Hence (A2) follows from the equivalence between the two norms |ε(v)| 0 and |v| 1 on V .
In view of the continuity conditions, (2.3)-(2.5), and the stability conditions, (A1)-(A2), we immediately get the well-posedness results:
Finite element formulations for hybrid methods

Geometric properties of quadrilaterals
In what follows we assume that Ω is a convex polygonal domain. Let T h be a conventional quadrilateral mesh of Ω. We denote by h K the diameter of a quadrilateral K ∈ T h , and denote h := max K∈T h h K . Let Z i (x i , y i ), 1 ≤ i ≤ 4 be the four vertices of K, and T i denotes the sub-triangle of K with vertices Z i−1 , Z i and Z i+1 (the index on Z i is modulo 4). Define
Throughout the paper, we assume that the partition T h satisfies the following "shaperegularity" hypothesis: There exist a constant ̺ > 2 independent of h such that for all
Remark 3.1. As pointed out in [34] , this shape regularity condition is equivalent to the following one which has been widely used in literature (e.g. [11] ): there exist two constants ̺ ′ > 2 and 0 < γ < 1 independent of h such that for all K ∈ T h , Figure 1 ). Here ξ, η ∈ [−1, 1] are the local isoparametric coordinates. 
We can rewrite (3.2) as
where Then the Jacobi matrix of the transformation F K is
and the Jacobian of F K is
Denote by F 
It holds the following element geometric properties:
In view of the choice of node order (cf. Figure 1 ), the shape-regular hypothesis (3.1) and the relations (3.5), without loss of generality we assume
Together with (3.5), this leads to
Notice also that Lemma 3.1 shows
Hybrid methods PS and ECQ4
This subsection is devoted to the finite element formulations of the 4-node assumed stress hybrid quadrilateral elements PS [18] and ECQ4 [30] . Let Σ h ⊂ Σ and V h ⊂ V be finite dimensional spaces respectively for stress and displacement approximations, then the corresponding finite element scheme for the problem (2.1)(2.2) reads as:
For elements PS and ECQ4, the isoparametric bilinear interpolation is used for the displacement approximation, i.e. the displacement space V h is chosen as
In other words, for
We denote the symmetric stress tensor τ := τ 11 τ 12 τ 12 τ 22 . For convenience we abbreviate it to τ = (τ 11 , τ 22 , τ 12 ) T . In [18] , the 5-parameters stress mode on K for the PS finite element takes the form
(3.13)
Then the corresponding stress space for the PS finite element is
In [30] , the 5-parameters stress mode onK for element ECQ4 has the form
(3.14) Then the corresponding stress space for the ECQ4 finite element is Define the bubble function space
Remark 3.4. The stress mode of ECQ4 can be viewed as a modified version of PS mode with a perturbation term:
Remark 3.6. It is easy to know (see [26] ) that for any
Define the modified partial derivatives∂
, the modified divergencedivv and the modified strainε(v) respectively as follows [34] :
It is easy to verify that the PS stress mode satisfies the relation (see [23] ) 17) or equivalently
for all τ ∈ Σ P S h , with τ 0 the constant part of τ , and that the ECQ4 stress mode satisfies the so-called energy-compatibility condition (see [30, 35] 
for all τ ∈ Σ EC h . As a result, the stress spaces Σ P S h , Σ EC h can also be rewritten as
With the continuous isoparametric bilinear displacement approximation V h given in (3.11), the corresponding hybrid finite element schemes for PS and ECQ4 are obtained by respectively taking Σ h = Σ P S h and Σ h = Σ EC h in the discretized model (3.9)(3.10).
Remark 3.7.
Since the stress approximation of the hybrid elements is piecewiseindependent, the stress parameters, β τ in (3.13) or (3.14) , can be eliminated at the element level. In this sense, the computational cost of the hybrid methods is almost the same as that of the isoparametric bilinear element.
Numerical performance of hybrid elements
Three test problems are used to examine numerical performance of the hybrid elements PS/ECQ4. The former two are benchmark tests widely used in literature, e.g. [18, 19, 30, 31, 32, 35] , to test membrane elements while using coarse meshes, where no analytical forms of the exact solutions were given and numerical results were only computed at some special points. Here we give the explicit forms of the exact solutions and compute the stress error in L 2 -norm and the displacement error in H 1 -seminorm. For comparison, the standard 4-node displacement element, i.e. the isoparametric bilinear element (abbr. bilinear), is also computed with 5 × 5 Gaussian quadrature. For elements PS and ECQ4, 2 × 2 Gaussian quadrature is exact in all the problems. T , g| y=±1 = (0, 0) T , and the exact solution is
The displacement and stress results,
, are listed respectively in Tables 1-2 with ν = 0.25 and E = 1500. Though of the same first-order convergence rate in the displacement approximation, the hybrid elements results appear much more accurate when compared with the bilinear element. Amazingly, the hybrid elements yield quite accurate stress results. T , g| y=±1 = (0, 0) T , and the exact solution is
The numerical results with E = 1500 and different values of Poisson ratio ν are listed in Tables 3-7 . As we can see, the bilinear element deteriorates as ν → 0.5 or λ → ∞, whereas the two hybrid elements give uniformly good results, with first order accuracy for the displacement approximation in H 1 -seminorm and second order accuracy for the stress in L 2 -norm.
Example 3. A new plane stress test
In the latter two tests, the hybrid elements give quite accurate numerical results for the stress approximation. This is partially owing to the fact that the analytical stress solutions are linear polynomials in both cases. To verify this, we compute a new plane stress test with the same domain and meshes as in Figures 2 and 3 . Here the body force has the form f = − (6y 2 , 6x 2 ) T , the surface traction g onΓ N = {(x, y) : x = 10, −1 ≤ y ≤ 1} is given by g = (0, 2000 + 2y
3 ) T , and the exact solution is We only compute the the case of E = 1500, ν = 0.25 for PS and ECQ4 and list the results in Tables 8-9 . It is easy to see that the displacement accuracy in H 1 −seminorm, as well as the stress accuracy in L 2 -norm, is of order 1. 
Uniform a priori error estimates
Error analysis for the PS finite element
To derive uniform error estimates for the hybrid methods, according to the mixed method theory [6, 7] , we need the following two discrete versions of the stability conditions (A1) and (A2):
(A2 h ) Discrete inf-sup condition: For any v ∈ V h , it holds
Introduce the spaces
To prove the stability condition (A1 h ) for the PS finite element, we need the following lemma. Then it holds
where the semi-norm
Remark 4.1. Under the shape-regularity condition (3.1), the following special
property has been shown in [34] :
In view of this lemma, we have for any τ ∈ Z h . In fact, for τ ∈ Z h , for all v ∈ V h and for all v b ∈ B h , it holds
Thus, by Lemma 4.1, we get
This completes the proof.
This theorem states that any quadrilateral mesh which is stable for the Stokes element Q1-P0 is sufficient for (A1 h ). As we know, the only unstable case for Q1-P0 is the checkerboard mode. Thereupon, any quadrilateral mesh which breaks the checkerboard mode is sufficient for the uniform stability (A1 h ).
The latter part of this subsection is devoted to the proof of the discrete inf-sup condition (A2 h ). It should be pointed out that in [36] there has been a proof for this stability condition. However, we shall give a more simpler one here.
From (3.12), for any v ∈ V h we have
Lemma 4.2. For any v ∈ V h and K ∈ T h , it holds
Proof. From (4.3) we have
Lemma 4.3. For any τ ∈ Σ P S h and K ∈ T h , it holds
Proof. The form (3.13) indicates
Lemma 4.4. For any v
Proof. We follow the same line as in the proof of [Lemma 4.4, [10] ]. For τ ∈ Σ P S h and v ∈ V h , from (3.13) and (4.3) it holds
By mean value theorem, there exists a point
with D = diag 4, 4, 8,
and take
we then obtain
On the other hand, (4.8) yields
. This relation, together with Lemma 3.1, (3.7) and (3.8), imply
Combining this inequality with Lemmas 4.2-4.3 and (3.8), we arrive at
This inequality, together (4.9), shows the conclusion.
Theorem 4.2. Let the partition T h satisfy the shape-regularity condition (3.1). Then the uniform discrete inf-sup condition (A2 h ) holds with
Proof. From Lemma 4.4, for any v ∈ V h , there exists τ v ∈ Σ P S h such that (4.6) holds. Then it holds
where in the first inequality the equivalence of the seminorm |ε(·)| 0 and the norm || · || 1 on the space V is used. Then the uniform stability inequality (A2 h ) follows from
Combining Theorem 4.1 and Theorem 4.2, we immediately have the following uniform error estimates. 1)(2.2) . Under the same condition as in Lemma 4.1, the discretization problem  (3.9)(3.10) admits a unique solution (σ h , u 
In addition, let
trσ h be the approximation of the pressure
Remark 4.2. Here we recall that " " denotes "≤ C "with C a positive constant independent of λ and h.
Remark 4.3.
From the standard interpolation theory, the right side terms of (4.10) can be further bounded from above by Ch(||σ|| 1 + ||u|| 2 ).
Error analysis for ECQ4
Since the stress mode of ECQ4 is actually a modified version of PS's with a perturbation term (see Remark 3.4), the stability analysis for ECQ4 can be carried out by following a similar routine. However, due to the coupling of the constant term with higher order terms, we need to introduce the mesh condition proposed by Shi [26] ( Figure 4) :
) between the midpoints of the diagonals of K ∈ T h (Figure 2) is of order o(h K ) uniformly for all elements K as h → 0. For the uniform discrete kernel-coercivity (A1 h ) we need the following lemma.
Lemma 4.5. ([34]) Let the partition T h satisfy (3.1). Then for any q
We immediately have the following result.
Lemma 4.6. Let the partition T h satisfy (3.1) and Condition (A). Then it holds
where o(1) means o(1) → 0 as h → 0, and div h denotes piecewise divergence with respect to T h .
Proof. For any q ∈ W h , we can write
Then it is easy to know that Π 0 q| K = q and
it follows from (4.12), (4.13), (4.1) that
For the second term in the first line of (4.15), from (3.16), Remark 3.6, (3.1), Condition (A), and Remark 4.1, we have
which, together with (4.15), yields the desired result.
From Lemmas 4.4 and 4.5 we know that, under the assumptions in the lemmas, the inf-sup condition
holds when the mesh size h is small enough. Therefore, following the same routine as in the proof of Theorem 4.2, we arrive at the following result. and sufficiently small mesh size h.
Next we show the discrete inf-sup condition (A2 h ) holds for the ECQ4 finite element. Notice that Condition (A) states
(4.17)
Recall the element geometric properties (3.7)-(3.8), namely
This allows us to view all the terms involving one of the factors a 12 , b 12 , J 1 , J 2 as higher-order terms. In this sense, the ECQ4 stress mode (3.14) is actually a higher-order oscillation of the PS stress mode (3.13) (cf. 
1)(2.2). Under the same conditions as in Theorem 4.4, the discretization problem (3.9)(3.10) admits a unique solution
In addition, let p h = − 
Equivalent EAS schemes
By following the basic idea of [21, 22, 23] , this part is devoted to the equivalence between the hybrid stress finite element method and some enhanced strains finite element scheme. The equivalent enhanced strains method is based on the following modified HuWashizu functional:
v ∈ V h is the compatible displacements given in (3.11), ε(v) = (∇v + ∇ T v)/2 denotes the strain caused by the displacement vector v, τ ∈Σ h is the unconstraint stress tensor with
h are the independent strain and enhanced strain tensors respectively with
for the PS finite element, and
for the ECQ4 finite element. The variational formulations of the above enhanced strains method read as:
We claim that the hybrid stress finite element scheme (3.9)(3.10) for PS and ECQ4 is equivalent to the scheme (5.1)-(5.4) in the sense that the stress and displacement solution, (σ h , u h ), of the latter enhanced strains scheme, also satisfy the equations (3.9)(3.10).
In fact, we decomposeΣ h asΣ h = Σ h ⊕ (Σ h Σ h ), where Σ h = Σ P S h for the PS finite element and Σ h = Σ EC h for ECQ4. It is easy to see that the relation (5.4) indicates σ h ∈ Σ h . Thus (5.4) is just the same as (3.10) .
On the other hand, by using the decomposition ofΣ h , the equation (5.1) leads to:
trσ h I]. Substitute this into (5.6), we then get an equation as same as (3.9). Hence, the equivalence follows.
Notice that one can solve ε b h from the equation (5.5). Remark 5.1. As shown in [23, 30, 32] , we also have two higher-order hybrid stress finite element schemes equivalent to the schemes of PS and ECQ4, respectively. More precisely, the higher-order schemes are given as:
where ε M =ε for the PS case and ε M = ε for the ECQ4 case. The equivalence is in the sense that the solutions of the scheme (3.9)-(3.10) for PS and ECQ4 and of the above higher-order scheme satisfỹ 
Uniform a posteriori error estimates for hybrid methods
A posteriori error analysis
By following the same routine as in [4, 8, 9] , one derives the computable upper bound
of the hybrid finite element methods. Here E 0 denotes the set of all interior edges of T h , E N the set of all edges on the boundary Γ N , h E the length of an edge E ∈ E := E 0 E N , n E the unit normal along E, and
We first define an operator A :
for all σ, τ ∈ Σ and u, v ∈ V . Then, from (A1), (A2) and Theorem 2.2 we immediately get Lemma 6.1. The operator A defined as above is bounded and bijective, and the operator norms of A and A −1 are independent of λ and h.
We need the following weak interpolation operator [2] .
Lemma 6.2. Let the partition T h satisfy (3.1) . Then there exists an operator
In light of this lemma, we have the following a posteriori error estimate for the hybrid finite element scheme (3.9)-(3.10).
Theorem 6.1. Let the partition T h satisfy (3.1) . Then it holds
Remark 6.1. Here we recall that " " denotes "≤ C "with C a positive constant which is bounded as λ → ∞ and is independent of h. 
0,K for the T h piecewise constant integral means f h . This can be obtained by following similar arguments in [28] .
Proof of Theorem 6.1. The desired result can be obtained by following the same routine as in in [4] . Here for completeness we give a proof.
In fact, the stability of A in Lemma 6.1 ensures that
With the relation σ = C −1 ε(u) and the Galerkin orthogonality
With Cauchy's inequality and integration by parts, plus Lemma 6.2, this is bounded from above by 
Numerical verification
We compute two examples, Examples 2 and 3 in Section 3.3, to verify the reliability and efficiency of the a posteriori estimator η h defined in (6.1). We list the results of the relative error e r , the relative a posteriori error η r , and the ratio η r /e r in Tables  10-12 
